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Berry curvature dipole has been shown to produce non-linear anomalous Hall effect which is non-zero even in
the presence of time-reversal symmetry. In this paper, within the framework of semiclassical Boltzmann theory,
we calculate the analytical expressions for the non-linear anomalous transport coefficients, namely, the non-
linear anomalous Hall, Nernst, and thermal Hall coefficients. With these expressions, we predict the fundamental
relations between the non-linear anomalous electric and thermo-electric transport coefficients, which are the
analog of the Wiedemann-Franz law and the Mott relation in the non-linear regime. We also make experimental
predictions for the non-linear anomalous thermal Hall coefficient for monolayer transition metal dichalcogenide
which can be verified in experiments.
I. INTRODUCTION
Conventionally, the intrinsic anomalous Hall effect is trig-
gered by the anomalous velocities induced by a nontrivial
Berry curvature Ωk, which requires the breaking of time re-
versal (TR) symmetry1–15. On the other hand, the Berry cur-
vature dipole, defined as the first order moment of the Berry
curvature (∂kΩk) over the occupied states (fk), can survive
under the TR symmetry and is found responsible for the non-
linear anomalous Hall effect in the TR invariant but inversion
symmetry broken systems16–18. Since then, great progress has
been made to show the important roles that Berry curvature
dipole plays in the non-linear anomalous electrical as well as
optical responses19–24. Specifically, in some recent electric
transport experiments25,26, the non-linear anomalous Hall ef-
fect has been successfully observed in the few-layer WTe2,
a two-dimensional transition metal dichalcogenide (TMDC)
material with broken inversion symmetry and a single mirror
symmetry. The electric non-linear anomalous Hall current in
the time reversal systems is defined by j′a = abcχabcEbEc
with χabc ∝ Dbd, whereDbd is the Berry curvature dipole and
the indices b, d are associated with its components17. Because
of their noncentrasymmetric band structures, large spin-orbit
coupling and strain-tunability, the 2D TMDCs have draw a
great interest in the studies of Berry curvature dipole and the
related applications24,27,28.
For the non-linear anomalous Hall effect, it is the non-
equilibrium Fermi distribution perturbed by the external elec-
tric field E (and computed to be proportional to E), that
brings the nonlinearity to the Hall response17,18. Follow-
ing a similar analogy, in recent works the non-linear anoma-
lous Nernst effect has been proposed in strained monolayer
MoS229 and bilayer WTe230, where a non-equilibrium Fermi
distribution is introduced by the thermal gradient (−∇T ),
and a transverse electric current is generated as a second or-
der response to the thermal gradient (which could be defined
as j′a = abcα
′
cd∇bdT ). The non-linear anomalous Hall ef-
fect and the non-linear anomalous Nernst effect are both re-
vealed by the charge current, and they are expected to co-exist
in the TR invariant systems through satisfying the Onsager
reciprocity31,32. However, the Bloch electrons can not only
carry charges, they also carry energy and heat. Therefore,
we expect the possible existence of the non-linear anomalous
thermal Hall effect in the presence of TR symmetry.
The thermal Hall effect, describing the generation of a
transverse heat current resulting from a longitudinal thermal
gradient, has been widely studied in the linear regime for
electrons33–35, and also for charge-free quasi-particles such
as phonons36–38, magnons39–41 and photons42. In this paper,
we focus only on the anomalous thermal transport carried
by electrons, which is shown to be manifested by the intrin-
sic Berry phase effect through the semiclassical wave packet
approach2,43–45. In the linear transport, however, the anoma-
lous thermal Hall current is forced to vanish in a TR invariant
system because of the symmetry property of Berry curvature
Ωk
46–53.
The non-reciprocal thermal transport has been studied for
the 1H monolayer MoS2 and the polar semiconductor BiTeX
(X=I, Br) in a very recent work54, where the nonlinearity of
the thermal response (∝ (∇T )2) is induced by the non-linear
distribution function that is proportional to the square of the
relaxation time (∝ τ2) and is not Berry curvature related.
However, the intrinsic Berry curvature along with a linear
nonequilibrium distribution function (∝ τ ) could also con-
tribute to the non-linear conductivities, such as the non-linear
anomalous Hall effect and non-linear anomalous Nernst effect
in previous works17,18,25,26,29,30. Based on this, here we pro-
pose a new type of non-linear effect, the non-linear anomalous
thermal Hall effect (of which the thermal current is defined by
(jQ)′a = abcl
′
cd∇bdT , see Eq. (13)), which is found to be
non-zero in the TR invariant systems. To our best knowledge,
this non-linear anomalous thermal Hall effect has never been
studied before. For measuring the non-linear thermal Hall ef-
fect, a schematic experimental setup is given in Fig. (1).
In this work, we systematically derive the expression for
the non-linear anomalous thermal Hall coefficient based on
the Boltzmann semiclassical approach with a relaxation time
approximation. By doing the Sommerfeld expansion in the
low temperature limit, we explicitly show a T 2 temperature
dependence for the non-linear anomalous thermal Hall coeffi-
cient, and relate it to the Berry curvature dipole, which has al-
ready been shown playing an important role in the non-linear
anomalous Hall effect both in theories and experiments. In
addition, based on our results, we show that the Wiedmann-
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2Franz law applicable in the linear transport is violated in
the non-linear regime in a way greatly different from previ-
ous studies47,55–59. Using a similar approach, the non-linear
anomalous Nernst coefficient is found to be related to the non-
linear anomalous Hall coefficient, and remains non-zero even
at the limit of zero temperature. Although the non-linear or
unconventional thermal Hall transports have been studied54,57,
so far there is no theory describing the non-linear anomalous
thermal Hall coefficient based on which, the thermal gradi-
ent induced non-linear conductivities (non-linear anomalous
thermal Hall coefficient and non-linear anomalous Nernst co-
efficient) can be related to the non-linear anomalous Hall con-
ductivity, or to be more specific, the Berry curvature dipole.
The rest of the paper is organized as follows. In Sec. II, af-
ter briefly presenting the Berry phase induced anomalous ther-
mal and thermo-electric transport coefficients in the regime of
linear response, the non-equilibrium Fermi distribution func-
tion under the thermal gradient (−∇T ) is derived by solving
the semiclassical Boltzmann equations with a relaxation time
approximation and the non-linear anomalous thermal Hall co-
efficient is formulated. In Sec. III, we derive the tempera-
ture (T ) dependence and chemical potential (µ) dependence
of the non-linear anomalous thermal Hall coefficient l′cd, by
using the Sommerfeld expansion in a low temperature limit.
We also check the Wiedemann-Franz law and the Mott rela-
tion in the non-linear regime, which are found to be different
from those in linear transport regime. Based these results, we
show that the non-linear anomalous thermal Hall coefficient,
non-linear anomalous Nernst coefficient, and the non-linear
anomalous Hall coefficient are related to each other through
the Berry curvature dipole Dbd(µ) and the derivatives of the
Berry curvature dipole with respect to the chemical potential
∂µDbd(µ). In Sec. IV, we introduce the model Hamiltonian of
a real physical system, the strained monolayer MoS2, which
is a TR invariant 2D TMDC that has been intensively investi-
gated recently. Then in Sec. V, we apply our theoretical ex-
pressions to this TR symmetric system. Our results show con-
sistency between the analytical predictions and the numerical
results within an appropriate low temperature range, indicat-
ing the validity of our theoretical analysis. Here, we also dis-
cuss some experimental applications of our results. We end
with a conclusion in Sec. VI.
II. SEMICLASSICAL BOLTAMANN FORMALISM
A. Anomalous transport equations in linear regime
With a non-trivial Berry curvature, the conventional group
velocity of the Bloch electrons acquires an anomalous term1,2,
which is written as,
r˙ = vk +
p˙
~
×Ωk (1)
where vk = ~−1∇kεk with εk the energy dispersion, p˙ =
eE + er˙ × B is the momentum with E,B the electric and
magnetic field respectively, and Ωk =∇k×A(k) is the Berry
FIG. 1. (Color online) Schematic experimental setup for measuring
the non-linear thermal Hall effect. A transverse thermal current (∆T )
could be measured as a second-order response of the thermal gradient
(−∇T ) even in the presence of time-reversal symmetry. Here we
consider the thermal Hall contribution from the electrons (e−) only.
curvature with A(k) = i〈uk|∇k|uk〉 the Berry connection
associated with the Bloch state |uk〉.
Rather than being a point particle, the Bloch electron in
the quantum picture has a finite spread around its mass cen-
ter (rc,kc) in the phase space, which could be described by
a wave packet |W 〉2,43. Because of the finite size, the wave
packet generally carries an orbital magnetic moment (m(k))
coming from the self rotation motion around its mass center.
Together with the motion of the mass center, a net magnetiza-
tion (M ) is formed, which in turn produces a magnetization
current that should be subtracted from the local current in de-
scribing the anomalous transport phenomenon43. In the wave
packet approach, a general expression for the electric trans-
port current is given by2,43,
j = −e
∫
[dk]fkr˙ −∇× 1
e
∫
dεf(ε)σ0(ε), (2)
where fk = (e−β(εk−µ)+1)−1 is the Fermi distribution func-
tion of the carrier, r˙ is the electron velocity given by Eq. (1).
The second term is an integral over the energy (ε = εk), where
σ0(ε) is the zero temperature anomalous Hall conductivity,
defined as,
σ0(ε) =
e2
~
∫
[dk]Θ(ε− εk)Ωk (3)
Here Θ(x) is the Heaviside step function. Note that in Eq. (2),
the anomalous Hall response to an electric field, could come
from both the r˙ term and the chemical potential gradient term
(−∇µ/e). On the other hand, the anomalous thermal Hall
response only comes from∇T in the second term. Similarly,
we could find the transport heat current with Berry-phase cor-
rection, which is given as,
jQtot =
∫
[dk](εk − µ)fkr˙ − 1
e2
∫
(ε− µ)dε∇× f(ε)σ0(ε)
(4)
where the first term, with Ωk = 0, is the usual expression
for the heat current jQN in the non-topological systems. We
3can write the total transverse heat current as jQtrans = j
Q
E +
jQT , where j
Q
E is the transverse heat current generated by the
electric field, given as the following equation,
jQE =
eE
~
×
∫
[dk]Ωk
[
(εk − µ)fk + log(1 + e
−β(εk−µ))
β
]
(5)
Note, the electric filed here comes from the electrochemical
potential38,41,44(µ˜ = −eφ + µ). Similarly, the temperature
gradient induced transverse heat current jQT could be extracted
from the second term in Eq. (4), written as
jQT = −
∇T
e2T
∫
dε(ε− µ)2σ0(ε)(−∂f(ε)
∂ε
) (6)
The linear thermoelectric response in the presence of electric
fieldE and temperature gradient−∇T are given by the trans-
port equations below:(
j
jQ
)
=
(
σ α
α l
)(
E
−∇T
)
(7)
where j, jQ are the charge and heat current respectively,
σ,α, l are the electrical, Peltier, thermal conductivity tensors
respectively. Tensor α is related to α through Onsager’s re-
lation (α = Tα)32, and tensor α could usually be extracted
from electrical conductivity and thermopower (S = σ−1α).
Based on Eqs. (2), (5) and (6), the anomalous Hall conduc-
tivity, anomalous Nernst conductivity and anomalous thermal
Hall conductivity could be respectively given as,
σab = −
∫
dε(−∂f
∂ε
)σ0(ε),
αab =
1
e
∫
dε(−∂f
∂µ
)σ0(ε)
(ε− µ)
T
,
lab =
1
e2
∫
dε(−∂f
∂ε
)
(ε− µ)2
T
σ0(ε)
(8)
where σ0(ε) is given in Eq. (3). Note, the finite tempera-
ture anomalous Hall conductivity σab is found by integrating
the zero temperature anomalous Hall conductivity σ0 along
with −∂f/∂ε. Note also, that the integrations for αab, lab
are weighted by additional factors (ε − µ) and (ε − µ)2 re-
spectively. Though a Dirac-delta-function (δ-function) like
term −∂f/∂ε is present, the anomalous linear transport co-
efficients are Fermi liquid quantities, since the energy inte-
grals are over the whole energy range. Here, all these anoma-
lous linear responses are scattering time independent, and
are expected to be zero for time reversal symmetric systems,
because of the symmetry property of Berry curvature i.e.,
T (Ωk)T † = −Ω−k. The expressions for σab, αab in the non-
linear regime have already been studied17,18,29,30. In this pa-
per, we focus on the non-linear anomalous thermal Hall effect
(the non-linear contribution for lab). In the next part, we de-
rive the equations for the non-linear anomalous thermal Hall
effect using the Boltzmann transport fomalism.
B. non-linear anomalous thermal Hall effect
In the Boltzmann transport theory, the Fermi distribution
function f(k, r, t) in phase space of position and crystal mo-
mentum is assumed to satisfy the Boltzmann equation with a
collision integral that depends on the detailed collision pro-
cess. The full Boltzmann equation is given as,
{∂t + r˙∇r + k˙∇k}f(k, r, t) = Icoll{f(k, r, t)} (9)
In relaxation time approximation, the collision integral could
be written as
Icoll{f(k, r, t)} = −gk
τ
(10)
where gk = f(k, r, t)− f0 is the difference between the per-
turbed Fermi distribution fk and its value f0 in equilibrium
state, τ is the average scattering time between two succes-
sive collisions, which could depend on energy, momentum or
impurities potentials. For simplicity we treat the scattering
time as independent of energy and momentum in this paper.
To find the response to the thermal gradient −∇T in the ab-
sence of the external fields (E = B = 0), we expand gk as
gk = g
1
k + g
2
k + ..., where g
n
k is understood as the n
th order
response to the thermal gradient, i.e., gnk ∝ (∇T )n. Thus, in
this case, the carriers in a steady state satisfy the Boltzmann
equation given by,
τvk
(εk − µ)
T
∂(f0 + gk)
∂εk
∇T = g1k + g2k + ... (11)
It is now straightforward to write down the solutions for the
components of gk,
g1k = τvk
(εk − µ)
T
∂f0
∂εk
∇T,
g2k = τvk
(εk − µ)
T
∂g1k
∂εk
∇T,
. . .
(12)
where the higher order terms gnk could be found by iteration.
To derive an expression for the non-linear anomalous ther-
mal Hall conductivity (lab), we substitute fk = f0 + gk in
Eq. (6). We can see that, besides the contribution from f0
that gives us the linear component of jQT and lab, the perturba-
tion term gk additionally provides the non-linear anomalous
thermal responses to higher order of −∇T . In this paper, we
only consider the non-linear anomalous thermal effect to the
second order of −∇T , such that the non-linear anomalous
thermal Hall current is given by,(
jQT
)′
a
= abc
τ∇bdT
~2T 2
∫
[dk]
∑
n
Ωnk,c (ε
n
k − µ)3
∂f0
∂kd
(13)
where the prime on (jQ)′ indicates the non-linear response.
Indices a, b, c, d represent the components x, y, z. Here, only
the non-zero component of the non-linear anomalous ther-
mal Hall current under the time reversal symmetry is con-
sidered. For the convenience of symmetry analysis, the non-
linear anomalous thermal Hall current in Eq. (13) is written as
4an integral in momentum space, where a summation of all the
bands (indexed by n) is introduced. In analogy to the linear
case, the non-linear response coefficient could be extracted
from (JQ)′a = l
′
cd(∇bdT ) as,
l′cd =
τT
~2
∫
[dk]
∑
n
Ωnk,c
(εnk − µ)3
T 3
∂f0
∂kd
(14)
Here the subscripts c, d indicate the index for the Berry cur-
vature Ωnk,c and the momentum kd respectively. In contrast
to the anomalous thermal Hall conductivity in linear regime (
Eq. (8)), the non-linear anomalous thermal Hall coefficient in
the above equation is τ dependent, and the term ∂f0∂kd makes
the coefficient a Fermi surface quantity with main contribu-
tion coming from the occupied states near the Fermi surface,
which is different from the linear anomalous transport coef-
ficients. Also, the appearance of the derivative of f0 with
respect to kd renders the integral for l′cd non-zero under TR
symmetry, i.e., the non-linear anomalous thermal Hall exist in
the inversion symmetry broken systems even in the presence
of time reversal symmetry.
With the above expression for l′cd, in the next section
we will extract the parameter dependence of the non-linear
anomalous thermal Hall coefficient and find its relations with
Berry curvature dipole in a low temperature regime.
III. SOMMERFELD EXPANSION IN LOW
TEMPERATURE REGIME
In this section we will derive the analytic expression for the
temperature dependence of the non-linear anomalous thermal
Hall coefficient and show a direct relation with the non-linear
anomalous Hall coefficient. This will be the analog of the
Wiedemann-Franz law in the non-linear regime. To do this,
we use the Sommerfeld expansion32,∫
dε(−∂f
∂ε
)g(ε) ' g(µ) + pi
2
6
(kBT )
2g(2)(ε)
∣∣∣∣
ε=µ
+
7pi4
360
(kBT )
4g(4)(ε)
∣∣∣∣
ε=µ
+O(T 4)
(15)
where g(ε) is a general function and g(n)(ε) = ∂ng(ε)/∂εn.
First, we recall the expression for non-linear anomalous Hall
coefficient given as17,24,
χabc = acd
e3τ
2~2(1 + iωτ)
Dbd (16)
where the frequency dependence (ωτ  1) could be ne-
glected in experiment24. Here, Dbd is the Berry curvature
dipole defined as,
Dbd =
∑
n
∫
[dk]
∂Ωk,d
∂kb
fk = −
∑
n
∫
[dk]Ωk,d
∂fk
∂kb
(17)
Here, b, d are indices for ∂fk/∂kb and Ωk,b respectively.
Comparing Eq. (14) with the above equation, it is seen that,
the only difference is the additional unitless factor β3(εk −
µ)3, which modifies the Berry curvature distribution in mo-
mentum space. To apply the Sommerfeld expansion, we
rewrite the Berry curvature dipole term as,
Dbd =
∫
dεG(ε)(−∂f0
∂ε
), (18)
with the Berry curvature dependent term G(ε) defined by,
G(ε) =
∫
[dk]δ(ε− εk)Ωk,d ∂εk
∂kb
(19)
Note that, Berry curvature dipoleDbd is a Fermi surface quan-
tity because of the δ-function (δ(ε − εk)) contained in G(ε).
With the help of Eqs. (15) and (18), Dbd could be expanded
as,
Dbd(T, µ) = G(µ) +
pi2
6
(kBT )
2G(2)(µ) + ... (20)
where the first term G(µ) is the zero-temperature Berry cur-
vature dipole at Fermi energy (chemical potential) µ. This
quadratic T -dependence of Berry curvature dipole seems to
have been observed in a recent experiment in Ref. [25]. Us-
ing the expansion in Eq. (20), we find the following analytical
expression for the non-linear anomalous Hall coefficient,
χabc(T, µ) = χ0(µ) +
pi2
6
(kBT )
2χ
(2)
0 (µ) +O(T 4) (21)
where χ0(µ) = e3τG(µ)/2~2 is the zero-temperature non-
linear anomalous Hall coefficient, and χ(2)0 (µ) denotes the
second-order derivative of χ0(µ) with respect to chemical po-
tential µ.
Recall that, the non-linear anomalous Nernst coefficient in
the inversion symmetry broken but time reversal invariant sys-
tems are given by29,30,
α′cd = −
eτ
~2
1
T 2
∫
[dk]
∑
n
Ωnk,c (ε
n
k − µ)2
∂f0
∂kd
(22)
which could be rewritten as below in a similar format as Dbd
in Eq. (18),
α′cd =
eτ
~2
∫
dεG2(ε)(−∂f0
∂ε
), (23)
with G2(ε) defined as
G2(ε) =
(ε− µ)2
T 2
∫
[dk]δ(ε− εk)Ωk,c ∂εk
∂kd
=
(ε− µ)2
T 2
G(ε)
(24)
Here, the indices c, d for G2(ε) (and also G3(µ) in Eq. (27))
are different from the indices b, d for G(ε) given in Eq. (19).
For a given time reversal symmetric system, however, it
will be shown later that the indices of the non-zero compo-
nent of these non-linear anomalous transport coefficients (i.e.,
5χabc, α
′
cd and l
′
cd) are exactly the same, regardless of the dif-
ferent notations in the proceeding derivations. Similarly, us-
ing Eq. (15) for the above α′cd, we could rewrite the non-linear
anomalous Nernst coefficient α′cd as,
α′cd(T, µ) =
eτpi2k2B
3~2
G(µ) +
7eτpi4k4B
60~2
T 2G(2)(µ) +O(T 4)
(25)
Using Sommerfeld expansion we can also analyze the
non-linear anomalous thermal Hall coefficient l′cd given in
Eq. (14). First we rewrite l′cd as
l′cd = −
τT
~2
∫
dεG3(ε)(−∂f0
∂ε
) (26)
with G3(ε) defined as,
G3(ε) =
(ε− µ)3
T 3
∫
[dk]δ(ε− εk)Ωk,c ∂εk
∂kd
=
(ε− µ)3
T 3
G(ε)
(27)
Note that, through G3(µ) (or G2(µ) in Eq. (24)), the non-
linear anomalous thermal Hall coefficient (non-linear anoma-
lous Nersnt coefficient) is explicitly related to the non-linear
anomalous Hall coefficient in Eq. (21), which will be shown
in our following discussions. Applying Eq. (15) for l′cd in the
above equation, we find,
l′cd = −
7τpi4k4B
15~2
T 2G(1)(µ) +O(T 4) (28)
with the higher order derivativesG(n)(µ) (odd number n ≥ 3)
included in O(T 4).
So far, we have derived the analytical expressions for the
temperature dependence of the non-linear anomalous Hall co-
efficient χabc (Eq. (21)), the non-linear anomalous Nersnt co-
efficient α′cd (Eq. (25)) and the non-linear anomalous thermal
Hall coefficient l′cd (Eq. (28)) based on the Sommerfeld expan-
sion approach. These analytical non-linear anomalous coeffi-
cients are the general results that could be applied to any sys-
tems with the corresponding non-linear effect present. Now,
we can analyze the relations among them.
In the linear transports, it is known that, the amount of
charge and heat carried by electrons are closely connected
through the Wiedemann-Franz Law60. According to this law,
the ratio of the the thermal and the electric conductivities is
given by the absolute temperature multiplied by a universal
constant known as the Lorenz number L, i.e.,
κab
σab
= LT (29)
with L = pi2k2B/3e
2, and σab = σ0 (Eq. (3)) the zero-
temperature anomalous Hall conductivity in the linear regime.
Based on Eqs. (21) and (28), however, we have the following
relation between the anomalous thermal and the anomalous
electric conductivies in the non-linear regime,
l′cd = −
14
15
eL20T
2 ∂χ0(µ)
∂µ
(30)
where L0 = k2Bpi
2/e2 = 3L, and χ0(µ) is the zero-
temperature non-linear anomalous Hall coefficient as given
in Eq. (21). This equation is different from the conventional
Wiedemann-Franz law given by Eq. (29). Comparing Eq. (30)
and (29), we see that, the temperature dependence is no longer
a linear one (but∝ T 2) in the non-linear regime. Additionally,
rather then being proportional to the zero-temperature anoma-
lous Hall coefficient (∝ σab), the non-linear anomalous ther-
mal Hall coefficient is directly proportional to the first order
derivative of the zero-temperature non-linear anomalous Hall
coefficient with respect to the chemical potential (∝ ∂χ0/∂µ).
The results in Eq. (30) should be taken as a consequence of
the intrinsic nonlinearity, rather than a conventional departure
from the Wiedemann-Franz law55–59.
The differences for Wiedmann-Franz Law in the non-linear
regime leads us to examine the Mott relation, which relates
the electric and thermo-electric conductivities. In the linear
regime, the Mott formula is written as32,
αab = eLT
∂σab
∂µ
(31)
In the non-linear regime, however, using Eqs. (25) and (21)
the relation between the non-linear anomalous Nernst coeffi-
cient and the non-linear anomalous Hall coefficient is found
as
α′cd(µ) =
2
3
L0χ0(µ). (32)
This Mott formula in the non-linear regime shows a finite
value for the non-linear anomalous Nernst coefficient (α′ab)
even at zero temperature. Note that, for both Eqs. (30) and
(32), only the leading order of their Sommerfeld expansions
is considered.
Based on the above results, we see that, while the
Wiedemann-Franz law in the linear regime does not contain
the derivative of the anomalous Hall conductivity (Eq, (29)),
in the non-linear regime the analog of the Wiedemann-Franz
law explicitly involves the first order directive of χ0(µ) with
respect to the chemical potential (Eq. (30)). On the contrary,
the Mott relation in linear regime does involve the derivative
of the anomalous Hall conductivity (Eq. (31)); however, the
non-linear analog of the Mott formula shows a direct rela-
tion with the non-linear anomalous Hall conductivity χ0(µ)
(Eq. (32)).
IV. MINIMAL MODEL HAMILTONIAN FOR TMDCS
Based on the derivations in last section, we expect a non-
zero net Berry curvature or modulated Berry curvature on
the Fermi surface to realize the non-linear anomalous ther-
mal Hall effect in the TR invariant (Ωk = −Ω−k) sys-
tems. Therefore, the inversion symmetry has to be broken
(Ωk 6= Ω−k) to get a nontrivial Berry curvature. Here
we consider the non-centro-symmetric 2D materials TMDCs,
which have been extensively studied in the past years because
of their many fascinating properties61–65. The inversion sym-
metry is broken when the thickness of the 2D TMDCs is re-
duced to a monolayer. The monolayer TMDCs essentially
6show the same physics due to their similar atomic structure.
Here, we apply the model Hamiltonian of monolayer TMDCs
to demonstrate the non-linear anomalous thermal Hall effect,
the Wiedemann-Franz law and the Mott relation in the non-
linear regime.
We consider a model Hamiltonian of tilted 2D Dirac cones,
which captures the low energy properties of the strained tran-
sition metal dichalcogenides monolayer. The corresponding
model Hamiltonian can be written as
Hs = sαkyτ0 + vF~(kxτy − skyτx) + ∆τz (33)
Here, vF is the Fermi velocity, ∆ is the energy band gap
opened at the ±K-valley, α is the tilting parameter and
τx,y,z,0 represent Pauli matrices. The wave vector k is mea-
sured from the valley center ±K with index s = ±1 (which
also indicates the opposite chirality of the Dirac Fermions).
Note that the two massive Dirac cones Hs=±1 are mapped
to each other by the TR symmetry. Due to the non-zero tilt-
ing along ky-axes, only the single mirror planeMx that takes
kx → −kx is preserved, in which case, the non-linear effects
are allowed to exist17,66.
The low energy dispersion and the corresponding Berry
curvature of the above Hamiltonian are respectively given as
En,sk = sαky + (−1)n−1
√
∆2 + (vF~)2k2,
Ωn,sk = (−1)n−1
s(vF~)2∆
2(∆2 + (vF~)2k2)3/2
(34)
It is clear that Ωk = −Ω−k is satisfied for Ωk in Eq. (34)
because of the time reversal symmetry. Note the tilting term
does not impact the Berry curvature, though it tilts the energy
bands via the term ±αky in Ek. Because of the mismatch of
this tilting effect, a non-zero net Berry curvature is possible
on the Fermi surface.
With the model Hamiltonian described in this section and
the non-linear transport coefficients derived in the previous
sections, next we calculate the non-linear anomalous thermal
Hall effect for a single layer MoS2. Based on these calcu-
lations, we discuss the Wiedemann-Franz law and the Mott
relation in the non-linear regime.
V. RESULTS AND DISCUSSIONS
In this section, we would calculate the non-linear anoma-
lous thermal Hall coefficient for single layer MoS2, with the
parameters taken from the experiment systems62,67,68. We
consider only the contribution to the non-linear anomalous
thermal Hall effect from the conduction band. Therefore, the
spin-orbit coupling effect could be neglected since it is small
for the conduction band.
Based on Eq. (34), a colormap plot in kx-ky momentum
space of Ωk is shown in Fig. 2(a), where the colors indicate
the magnitude of the Berry curvature, and a Fermi surface at
constant energy µ = 1.5∆ is plotted as the black dash line.
Now, the Berry curvature possesses a uniform azimuthal dis-
tribution around the valley center ±K, while the Fermi sur-
(a) (b)
(c) (d)
FIG. 2. (Color online) (a) Berry curvature Ωn=1,s=1k and (b) mod-
ified Berry curvature β3(Ek − µ)3Ωn=1,s=1k projected in k space
for Hamiltonian given in Eq. (33) respectively. Here, panel (a) is az-
imuthally symmetric whereas (b) is only symmetric with respect to
kx. The black dash lines indicate the Fermi surface at µ = 1.5∆.
The center of the Fermi surface is shifted upwards along ky and the
factor β3(Ek − µ)3 greatly reduces the weight of the Berry curva-
ture near the Fermi surface. Panel (c) and (d) show the derivative
of Fermi distribution function at Fermi energy µ = 1.5∆ for ∂xfk
and ∂yfk respectively. For a massive Dirac cone tilted along y-axis,
∂xfk is symmetrically opposite (red and blue in (c)) along kx on the
Fermi surface, while the value of ∂yfk is either positive (blue in (d))
or negative (blue in (d)) along kx on the Fermi surface. The param-
eters used here are t = 1.1eV, a = 3.19A˚, v = at, α = 0.1v,∆ =
1.8eV , kx,y ∈ [−0.5pi, 0.5pi], β = 1/eV is considered for (a), (b)
and temperature T = 100K is applied for (c), (d).
face at a constant energy µ is shifted along the tilt axes (ky-
axes). Comparing with the Berry curvature dipole Dbd given
by Eq. (16), we denote the term β3(Ek−µ)3Ωk in Eq. (14) the
modulated Berry curvature for the non-linear anomalous ther-
mal Hall effect, and its projection in kx-ky momentum space
is shown in Fig. 2(b). Because of the factor β3(Ek − µ)3, the
modulated Berry curvature near the Fermi energy (black dash)
is greatly reduced and a downwards shift of the Berry curva-
ture is observed. Unlike the Berry curvature (Fig. 2(a)), the
modulated Berry curvature (Fig. 2(b)) is not symmetric along
ky-direction due to the tilting, with only the x-direction mir-
ror symmetry (Mx) that takes kx → −kx preserved. Based
on Eqs. (16) and (22), we could also define another modulated
Berry curvature for the non-linear anomalous Nernst effect as
β2(Ek−µ)2Ωk, which could be discussed similarly as above.
As has been pointed out earlier in this paper, the non-linear
anomalous coefficients namely χabc, α′bd and l
′
cd, are Fermi
surface quantities, due to the δ-function-like term (∂fk/∂kb)
in their expressions. As is shown in Fig. (2), the derivative of
the Fermi distribution function fk with respect to kx (in (c))
and ky (in (d)) at Fermi energy µ = 1.5∆ is a ring in kx-ky
space for the minimal model (Eq. (34)). The magnitudes of
7FIG. 3. (Color online) Plot of l′cd/(kBT )
2 versus chemical potential
µ at different temperatures T . All the data at different temperatures
are from numerical calculations, while the red line represents the an-
alytical result with G′(µ) given in Eqs. (38) and (39). The constant
7pi4/15 is included into G′(µ). The inset is a zoom-in of the plot
around µ = ∆ (black dash line), where we could see that, the nu-
merical data points are consistent with the red line (i.e., the analytical
result) at low temperatures (T = 5K, 20K, 50K) for all chemical
potentials µ > ∆; for higher temperatures (T = 100K ∼ 300K),
the numerical and analytical results differ from each other because
of the higher order (O(T 4)) temperature dependence ignored in the
analytical calculations (Eq. (39)). Here the unit for the y-axes is
τk2B/~2, the other parameters are the same as in Fig. (2).
∂xfk or ∂yfk are indicated by the colors. It can be seen that
for a tilted system in y−axes (α 6= 0), ∂xfk is symmetrically
opposite (red and blue in (a)) along kx on the Fermi surface,
leading to a vanishing net Berry curvature (or modified Berry
curvature) on the Fermi surface. However, the ∂yfk has a
same sign along kx (blue or red in (d)). Due to the shift of
Fermi surface along ky , the net value of the modulated Berry
curvature ((b)) on the Fermi surface is non-zero. Therefore,
Fig. (2) shows that the only non-zero component for the non-
linear anomalous thermal Hall coefficient given in Eq. (14) is
l′zy where c = z, d = y are indices for Ωk,z, ∂yf0 respec-
tively. This zy-component is also the only non-zero com-
ponent for the non-linear anomalous Hall coefficient and the
non-linear anomalous Nernst coefficient in this system, which
allow us to relate the non-liner anomalous Nernst coefficient
α′cd and the non-linear anomalous thermal Hall coefficient l
′
cd
with the non-linear anomalous Hall coefficient χabc (or Berry
curvature dipole G(µ) in Eq. (19)) through G2(µ) in Eq. (24)
and G3(µ) in Eq. (27), respectively.
Next, we show the analytical expressions for the non-linear
anomalous coefficients based on the model Hamiltonian given
in Eq. (33). We find that the analytical results based on Som-
merfeld expansion in Sec. (III) are well-matched with the nu-
merical results based on Sec. (II B).
To derive the analytical expressions for the non-linear
anomalous Hall coefficient χabc, the non-linear anomalous
Nernst coefficient α′ab and the non-linear anomalous thermal
Hall coefficient l′cd in the low temperature regime, we first
FIG. 4. (Color online) Similar as Fig. (3) but is a plot of l′cd
versus (kBT )2 with different chemical potentials. The circles are
from numerical calculations, while the black lines corresponding to
each chemical potential are the analytical results based on Eq. (39).
Here the units for y-axes is τk2B/~2, the applied temperature T ∈
[5K, 100K] with a unit step (1K), and all other parameters are the
same as in Fig. (2).
show the analytical expression for the Berry curvature dipole.
Based on Eqs. (16)∼(21), the zero temperature Berry curva-
ture dipoleG(µ) for a two-band system with Ωk and Ek given
in Eq. (34) is computed as17,66,
G(µ) =
n0µ(µ
2 −∆2(1− α20))
(n1µ2 − α20∆2)5/2
(35)
Here n0 = 3vα0∆/4pi, n1 = (1 + α20)/(1 − α20) with
α0 = α/v describing the tilting strength, and µ > 0 for the
conduction band is considered. The result based on Eq. (35) is
valid for chemical potentials µ2 ≥ ∆2(1−α20) in a tilted sys-
tem with α0. This holds for the non-linear anomalous Nernst
coefficient α′cd but not for the non-linear anomalous thermal
coefficient l′cd, since the leading term for l
′
cd is temperature
dependent.
As shown in the Sommerfeld expansion forDbd in Eq. (20),
the temperature-dependent terms (G(2)(µ), and the higher or-
der G(n)(µ)) are relatively small in comparison to the first
term G(µ). Therefore, we will not consider the temperature
dependence of the Berry curvature dipole. The non-linear
anomalous Hall coefficient given in Eq. (21) is computed as,
χabc =
e3τ
2~2
n0µ(µ
2 −∆2(1− α20))
(n1µ2 − α20∆2)5/2
+O(T 2) (36)
Based on the derivations in Sec. (III), especially Eq. (25), the
analytical expression for the non-linear anomalous Nernst co-
efficient α′cd could be written as,
α′cd =
eτpi2k2B
3~2
n0µ(µ
2 −∆2(1− α20))
(n1µ2 − α20∆2)5/2
+O(T 2), (37)
where we have ignored the temperature-dependent terms
(namely G(n)(µ) with n ≥ 2) as well.
8In contrast to χabc and α′cd, we are interested in the temper-
ature dependence of the non-linear thermal Hall coefficient
l′cd. For small tilting strength i.e., α0  1 and α  µ, the
first order derivative with respect to µ of Eq. (35) could be
approximately written as
G′(µ) ≈ n0(−2µ
4 + 4µ2∆2)
(µ2 − α20∆2)7/2
(38)
Substituting the above equation into Eq. (28), the analytical
expression for non-linear thermal Hall coefficient l′cd is found
as,
l′cd =
7τpi4k2B
15~2
n0(2µ
4 − µ2∆2)
(µ2 − α20∆2)7/2
(kBT )
2 +O(T 4) (39)
Through the above equation, we could find the chemical po-
tential dependence of l′cd as µ
−5(∆2 − µ2/2), as well as a
(kBT )
2 temperature dependence for the non-linear anoma-
lous thermal Hall coefficient.
It has been shown in Ref. [30], that the non-linear anoma-
lous Nernst coefficient shows a similar chemical potential de-
pendence as that of the non-linear anomalous Hall coefficient
in Ref. [24]. Now it is clearly seen the underlying reason for
it from Eqs. (36) and (37). The comparison between the non-
linear anomalous Hall coefficient and the non-linear anoma-
lous Nernst coefficient indicates that, our analytical result for
the Mott relation given by Eq. (32) is valid in the non-linear
regime. In the following, we discuss the Wiedemann-Franz
law in the non-linear regime given by Eq. (30).
To verify the chemical potential dependence for the non-
linear anomalous thermal Hall coefficient given by Eq. (39),
in Fig. (3) we show both the numerical results calculated from
Eqs. (14) and (34), and anayltical results based on the Som-
merdfeld expansion in Eq. (39). As is shown in Fig. (3), the
analytical results (the red line) based on Sommerfeld expan-
sion are well matched with the numerical results (the rest
of the data besides the red line) at low temperatures with
T = 5 ∼ 50K. The numerical and analytical results differ
from each other at higher temperatures (T = 100 ∼ 300K)
near the chemical potential µ = ∆ as is shown by the inset
in Fig. (3). This deviation is caused by the omitted higher or-
ders terms in temperature (O(T 4)) in the analytical expres-
sion given by Eq. (39). Because the magnitude of G′(µ)
(= G(1)(µ)) around µ = ∆ is large while it is much smaller
at the higher chemical potentials, as is shown in Fig. (3), the
deviations appears around µ = ∆ and disappear for higher
chemical potentials. In Fig. (3), we can also see the sign of l′cd
changing around µ =
√
2∆, which has been indicated by the
chemical potential dependence in Eq. (39).
To verify the temperature dependence, we plot the non-
linear anomalous thermal Hall coefficient l′cd as a function of
(kBT )
2 in Fig. (4), where the circles are the numerical re-
sults at different chemical potentials based on Eq. (14), and
the black lines attached to these circles are the corresponding
theoretical predictions based on Eq. (39). At low temperatures
(T ≤ 50K), the numerical and analytical results are consis-
tent with each other at different chemical potentials, while the
numerical result with µ = 1.05∆ (blue circles) start to deviate
from the analytical black line around T = 60K. From Fig. (3)
we could see that, the magnitude of G′(µ) at µ = 1.05∆ is
the maximum. Thus, the contribution from the omitted terms
(∝ O(T 4)) in Eq. (39) for µ = 1.05∆ become more evident
when the temperature is increasing, as expected. This result
is also consistent with that in Fig. (3). The T 2 temperature
dependence of the non-linear anomalous thermal Hall coeffi-
cient is robust against all the monotonous modulation of the
band gap ∆ such as tuning effect by external field69, finite
temperature effect due to electron-phonon coupling70, doping
effect through the mixing of chalcogens in MoX2(X=S,Se,or
Te)71, etc., as well as strength of the tilting parameter due to
strain72–75.
VI. CONCLUSION
In conclusion, we study the non-linear anomalous thermal
Hall effect of the time reversal invariant but inversion sym-
metry broken systems, which is attributed to a combined ef-
fect from the modulated Berry curvature (β3(εk − µ)3Ωk)
and the non-equilibrium Fermi distribution (fk) purturbed by
a thermal gradient (−∇T ). We have systematically derived
the transverse non-linear thermal current as a second order
response to the longitudinal thermal gradient using the Boltz-
mann semiclassical approach with a relaxation time approxi-
mation. The non-linear anomalous thermal Hall coefficient l′cd
is a pseudotensorial quantity, which plays a similar role as the
non-linear anomalous Hall coefficient and non-linear anoma-
lous Nersnt coefficient respectively17,24,29,30. By Sommerfeld
expansion in low temperature regime, we analytically found
the non-linear anomalous thermal Hall coefficient, which is
shown to have an explicit relation with the zero temperature
Berry curvature dipole and a T 2 temperature dependence. We
also found the analog of the Wiedemann-Franz law and the
Mott relation relating the anomalous transverse transport co-
efficients in the non-linear regime. An important byproduct of
these calculations is the realization that the non-linear anoma-
lous Nernst coefficient remains non-zero even in the limit of
zero temperature. We then apply our theoretical derivations to
the monolayer MoS2, a TR invariant but inversion symmetry
broken TMDC that has been intensively studied recently. Our
predictions for the analog of the Wiedeman-Franz law and the
Mott formula relating the anomalous transport coefficients in
the non-linear regime can be experimentally verified on in-
version asymmetric but time reversal symmetric topological
systems where the linear anomalous transport coefficients are
identically zero by symmetry. In addition, we make specific
predictions for the non-linear anomalous themal Hall coeffi-
cient in monolayer TMDCs that can be probed in experiments.
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